Introduction
There are some well-known projective invariants of Finsler metrics namely Douglas curvature, Weyl curvature [2] , generalized Douglas-Weyl curvature [3] , and another projective invariant by Akbar-Zadeh [1] (For another special projective invariant, see [15, 19] ). Recently, Z. Shen [17] A Finsler metric is called projective Ricci flat if PRic = 0 . It is remarkable that the S -curvature is a nonRiemannian quantity and plays an important role in Finsler geometry, which was introduced by Shen [16] . In [8] , Cheng-Shen-Ma rewrote the projective Ricci curvature as PRic = Ric + n − 1 n + 1 S |m y m + n − 1 (n + 1) 2 S 2 .
(1.1)
Definition 1.1 Let F be a Finsler metric on n-dimensional manifold M and PRic denote the projective Ricci curvature of F .
• F is of weak PRic-curvature if
2)
where θ = θ i y i is a 1−form and κ = κ(x) is scalar function on M ;
• F is of isotropic PRic-curvature if θ = 0 i.e. PRic = (n − 1)κ(x)F 2 ;
• F is of constant PRic-curvature if PRic = (n − 1)cF 2 , where c is a real constant;
• F is called PRic flat if PRic = 0 .
(α, β)-metrics are a rich and important class of Finsler metrics. The Randers, Kropina, and Matsumoto metrics are special (α, β) -metrics. The second author and others classified Matsumoto metric of weak projective Ricci curvature and they showed that projective Ricci flat Matsumoto metrics with constant length one-forms reduces to Ricci flat metric † . There is a class of Finsler metrics which is called C-reducible Finsler metrics. These spaces first were introduced by Matsumoto [12] and were classified by special form of Cartan torsion. In [14] Matsumoto and Hojo proved that a Finsler space is C-reducible if and only if the space is either a Randers or a Kropina space. In this paper, we study special projective Ricci curvature of Randers and Kropina metrics and we prove: Theorem 1.2 C-reducible Douglas metric of isotropic PRic-curvature on a manifold M with dimension n > 2 must be projective Ricci flat.
The flag curvature in Finsler geometry is a natural extension of the sectional curvature in Riemannian geometry. The flag curvature of a Finsler metric F is a function K = K(P, y) of a two-dimensional plane called "flag" P ⊂ T x M and a "flagpole" y ∈ P \ {0} . A Finsler metric F is said to be of scalar flag curvature if K = K(x, y) is independent of P containing y ∈ T x M . This quantity tells us how curved the space is. Finsler metric of scalar flag curvature has vanishing weyl curvature. X. Cheng showed that F is of scalar flag curvature and of vanishing S-curvature if and only if the flag curvature K = 0 and F is a Berwald metric. In this case, F is a locally Minkowski metric [5] . In this paper, we prove the following theorem: 
Preliminaries
Let M be an n-dimensional C ∞ manifold. Denote by T x M the tangent space at x ∈ M , and by A Finsler metric on a manifold M is a function F : T M → [0, ∞) which has the following properties:
(iii) For any tangent vector y ∈ T x M , the vertical Hessian of F 2 /2 given by 
where h ij = F 
where The Riemann curvature
jkl (x) denotes the coefficients of the usual Riemannian curvature tensor. Thus, the quantity R y in Finsler geometry is still called the Riemann curvature [20] . The Ricci curvature Ric is defined by Ric := R i i . By definition, the Ricci curvature is a positively homogeneous function of degree two in y ∈ T M .
The flag curvature is a natural extension of the sectional curvature of Riemannian metrics. Let (x, y) ∈ T x M and u be an arbitrary vector in
F is of scalar flag curvature if and only if in a standard local coordinate system
For a Finsler metric F, the Busemann-Hausdorff volume form
Here Vol{.} denotes the Euclidean volume function and
There is a notion of distortion τ = τ (x, y) on
T M associated with the Busemann-Hausdorff volume form dV
The S−curvature is defined by
where c(t) is the geodesic with c(0) = x andċ(0) = y [16] . From the definition, we see that the S -curvature measures the rate of change of the distortion on
the S -curvature is given by following:
The class of (α, β) -metrics forms a special and important class of Finsler metrics which can be expressed in 
Weak projective Ricci curvature of C-reducible Finsler metrics
Now we study special PRic-curvature of Randers metrics. Projective Ricci curvature of Randers metrics is as follows
} ,
and ρ 0 = ρ m y m (see [8] ). Let Randers metrics be of weak isotropic PRic-curvature, then by (1.2) we have
We can sort equation mentioned above by α as follows
where
From 3.1 we obtain two fundamental equations:
From (3.2) and (3.3) we can get equations that characterize Randers metric of weak projective Ricci curvature. If F = α + β is of isotropic PRic−curvature then θ = 0 and these classifing equations are changed as follows
PRic flat Randers metric had been studied by Cheng et al. [8] , later Cheng and Rezaei wrote the modification to this paper and corrected the results [7] . It is easy to get the same classifing theorem in [7] by putting θ = 0 and κ = 0 In theorem 3.1.
Example 3.2 For a constant number a ∈ R n , let us define the Randers metirc F = α + β by
α := √ (1 − |a| 2 |x| 4 )|y| 2 + (|x| 2 < a, y > −2 < a, x >< x, y >) 2 1 − |a| 2 |x| 4 , β := |x| 2 < a, y > −2 < a, x >< x, y > 1 − |a| 2 |x| 4 .
This Randers metric satisfies following equations
For more details see [10] . Then by (1.1) we can see
Therefore, F is of weak projective Ricci curvature with θ = Cheng et al. compute the PRic-curvature of Kropina metrics in [6] , but some terms of this curvature were missing. We added these terms and stated this theorem completely as:
β be a Kropina metric on an n -dimensional manifold M . Then the projective Ricci curvature of F is given by
Now assume the Kropina metric is of weak PRic -curvature, by (1.2) and (3.6) we can obtain
Multiplying 4b 4 β 2 on both sides of this equation to remove denominators yields 
Equation (3.7) is equivalent to the following equation
By factoring of α 2 we can rewrite equation (3.8) as
Since α 2 and β 2 are relatively prime polynomials in y , then by (3.10) and (3.11), we can conclude that there is scalar function µ = µ(x) in such a way that
Substitute (3.12) into (3.7) and simplify this equation, it yields
By the same way, α 2 and β are relatively prime polynomials in y then equation mentioned above is equivalent
By (3.13) we have
Differentiating both sides of (3.14) with respect to y i yields
Remark that for contracting this equation with b i its neccesary to know
Contraction (3.16) with b i implies that
From this equation, it is easy to get 
and θ = θ i y i is a 1−form and κ = κ(x) is scalar function on M .
By replacing θ = 0 into equations above, we can charactrize isotropic PRic-curvature of Kropina metrics, 
where 
We put the above values in corollary (3.5) and get κ = µ(x) = 0 . Kropina Berwald metric of isotropic PRic curvature reduces to PRic flat. By replacing above quantities in (3.21), we can get (4.1).
Proof of theorem 1.3: Shen and Yildirim classified Randers metrics of scalar flag curvature [18] and proved this theorem This completes the proof of theorem 1.3.
